Abstract. We generalize Buser's isoperimetric inequality with integral norms of Ricci curvature.
Introduction
The isoperimetric inequality is one of the most important topics in geometry. In Riemannain geometry, several isoperimetric inequalities have been proved under curvature pinching conditions. Buser's isoperimetric inequality is as follows [B] , [Ch] : Let M be an n-dimensional complete Riemannian manifold and B(x, r) be the r-ball in M centered at x for r > 0. We denote the (n − Recently, there have been many attempts to replace curvature bounds with integral norms of curvature. In [Ga] , Gallot obtained an isoperimetric inequality with integral norms of Ricci curvature. He obtain a lower bound of A(∂Ω) with V (Ω, M \ Ω) and a condition on the integral norm of Ricci curvature. Note that Γ does not need to be ∂Ω in the case of Buser's isoperimetric inequality.
In [PW] , Petersen and Wei generalized the Bishop-Gromov volume comparison estimate with integral norms of Ricci curvature. In this paper, we generalize Buser's isoperimetric inequalities with integral norms of Ricci curvature by using the volume comparison in [PW] .
First, we define the following notation for the integral norm of Ricci curvature. Let g(x) be the smallest eigenvalue of the Ricci tensor at x ∈ M and u + = max (0, u) be the positive part of u. For 2p > n, λ ≤ 0, we define k x (λ, p, R) as follows:
We will prove the following isoperimetric inequalities:
there exist positive constants c 1 (n, λ, r) depending on n, λ, r and c 2 (n, p, λ, r, K) depending on n, p, λ, r, K such that for a dividing smooth hypersurface Γ in B(x, r) withΓ embedded in B(x, r) and B(x, r) 
We can obtain c 1 , c 2 explicitly. In [Ch] , Theorem 1.1 is proved for a more general domain, i.e. a star-shaped domain D with B(x, r) . We can also prove Theorem 1.2 for a convex domain D with B(x, r) .
The boundary rigidity problem is to what extent a Riemannian metric on a compact manifold with boundary is determined from the distances between boundary points [C] , [S] . Linearizing the boundary rigidity problem, the integral geometry problem is to what extent is a symmetric tensor field determined by the set of integrals along geodesics connecting boundary points [S] . In [Pa] , an upper bound of the volume entropy and the simplicial volume with integral norms of Ricci curvature over closed geodesics are obtained. It is also interesting to consider Buser's isoperimetric problem with integral norms of curvature over all geodesics connecting boundary points.
For a geodesic segment γ, define k γ for p > 1 as follows:
Let G(x, r) be the set of geodesic segments in B(x, r) connecting two points in ∂B(x, r).
Note that in this theorem, there are no additional terms such as c 2 (n, p, λ, r, K) in Theorem 1.2. Also c 3 can be obtained explicitly.
Proof of Theorem 1.2
We will follow the proof of Buser's isoperimetric inequality in [Ch] . Around x, use exponential polar coordinates and write the volume element as dvol = ωdt ∧ dθ inside the cut locus, where dθ is the standard volume element on the unit sphere
where U x M is the unit tangent space of x. Sometimes we abbreviate ω(t, θ) to ω(t). Outside the cut locus, ω = 0. Let ω λ be the ω for the n-dimensional
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where ∂ t is the unit gradient of the distance function d (·, x) . The Bishop-Gromov volume comparison theorem implies that
With integral norms of Ricci curvature, we obtain the following comparisons.
Integrating the above, for r 1 ≤ s, we obtain that
Then we have for r 2 > r 1 , (2.5)
Then we have (2.8)
From now on, we follow the proof of Theorem 1.1 in [Ch] with (2.6) and (2.8) instead of (2.2) and (2.3).
Fix t ∈ (0, r/2). We set B s = B(x, s), V s = vol (B(x, s) 
It will be helpful to refer to Figure 6 .1 in [Ch] .
for some constant c 1 (n, p) > 0. By (2.8) and (2.10), we obtain that (2.11)
By [PW] , we have vol (B(x, r)) ≤ v(n, p, λ, r, K) for some constant v (n, p, λ, r, K) depending on n, p, λ, r, K. Let (2.12)
Then we obtain that vol(A 2 ) ≤ γ 1 vol(A 3 ) + rγ 2 .
Now we only need to compute an upper bound of vol(A 1 ). Let {exp
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use With (2.6), for t < r/2 ≤ α j θ ≤ s ≤ β j θ ≤ r, we obtain that (2.14)
Let ν be the projection to U x M such that ν(exp x sθ) = θ and let S be the subset ν(A 1 ) of U x M . By (2.14), (2.15)
We have (2.16)
From the definition of p * , we have that (2.17)
As in (2.10), we have (2.18)
Then we obtain that (2.19)
So we obtain that (2.20)
From the definition (2.12), we have v(n, p, λ, r, K) ≥ vol(B(x, r) ), we obtain from (2.21) that (2.22)
Case 2. In Case 2, we consider another exponential map exp w 0 centered at w 0 instead of exp x to compute the volume, where w 0 is determined by the following lemma: 
Similarly as in (2.19), we have by (2.23), (2.24) Then we can prove Theorem 1.3 by the same arguments as [Ch] .
By (2.21) and αvol(D
1 ) ≤ 2vol(W 1 ), (2.25) A(Γ) ≥ ω λ ( r 2 ) V λ (r) − V λ ( r 2 ) vol(W 1 ) − c 1 (n, p)K 1 2p v(n, p, λ, r, K) 1− 1 2p ≥ ω λ ( r 2 ) V λ (r) − V λ ( r 2 ) vol(W 1 ) − γ 2 2γ 1 ≥ α 2 ω λ ( r 2 ) V λ (r) − V λ (
